Our recent theoretical [1, 2] and experimental [3, 4] work demonstrated that many tools developed in electromagnetic metamaterial research may be successfully used to engineer artificial metamaterial superconductors having considerably improved superconducting properties. This deep and non-trivial connection between the fields of electromagnetic metamaterials and superconductivity research stems from the fact that superconducting properties of a material, such as electron-electron pairing interaction, the superconducting critical temperature T c , etc. may be expressed via the effective dielectric response function  eff (q,) of the material [5] . For example, considerable enhancement of attractive electron-electron interaction may be expected in such actively studied metamaterial scenarios as epsilon near zero (ENZ) [6] and hyperbolic metamaterials [7] since in both cases  eff (q,) may become small and negative in substantial portions or the four-momentum (q,) space. Such an effective dielectric response-based macroscopic electrodynamics description is valid if the material may be considered as a homogeneous medium on the spatial scales below the superconducting coherence length. The metamaterial superconductor approach takes advantage of the recent progress in plasmonics and electromagnetic metamaterials to engineer an artificial medium or "metamaterial", so that its effective dielectric response function  eff (q,) conforms to almost any desired behaviour. It appears natural to use this newly found freedom to engineer and maximize the electron pairing interaction in such an artificial superconductor via engineering its dielectric response function  eff (q,).
The most striking example of successful metamaterial superconductor engineering was recent observation of tripling of the critical temperature T c in Al-Al 2 O 3 epsilon near zero (ENZ) core-shell metamaterial superconductors compared to bulk aluminium [4] . However, both this result and the previous demonstration of T c increase in random ENZ mixtures [3] The starting point of our model is the paper by Kirzhnits et al. [5] , which demonstrated that within the framework of macroscopic electrodynamics the electronelectron interaction in a superconductor may be expressed in the form of an effective
where V C =4e 2 /q 2 is the Fourier-transformed Coulomb potential in vacuum, and  eff (q,) is the linear dielectric response function of the superconductor treated as an effective medium. Following [8] , a simplified dielectric response function of a metal may be written as
where  p is the plasma frequency, k is the inverse Thomas-Fermi radius,  n (q) are dispersion laws of various phonon modes, and  n are the corresponding damping rates.
Zeroes of the dielectric response function of the bulk metal (which correspond to various bosonic modes) maximize electron-electron pairing interaction given by Eq. (1).
In the discussion below we will limit our consideration to the behaviour of  m (q,) near = 1 (q) in the vicinity of the Fermi surface, so that a more complicated representation of  m (q,) by the Lindhard function, which accurately represents  m (q,) in the q 0 and  0 limit [8] does not need to be used. We are going to use only the fact that  m changes sign near = 1 (q) by passing through zero. Expression for  m (q,) given by Eq.(2) does exhibit this behavior.
As summarized in [9] , the critical temperature of a superconductor in the weak coupling limit is typically calculated as
where  is the characteristic temperature for a bosonic mode mediating electron pairing (such as the Debye temperature  D in the standard BCS theory, or  ex = ħ ex /k or  pl = ħ pl /k in the theoretical proposals which suggest excitonic or plasmonic mediation of the electron pairing interaction), and  eff is the dimensionless coupling constant defined
 (q,) and the density of states see for example [10] ):
where V C is the unscreened Coulomb repulsion, and the angle brackets denote average over the Fermi surface.
Compared to the bulk metal, zeroes of the effective dielectric response function  eff (q,) of the metal-dielectric metamaterial are observed at shifted positions compared to the zeroes of  m (q,) [2] , and additional zeros may also appear. According to the Maxwell-Garnett approximation [11] , mixing of nanoparticles of a superconducting "matrix" with dielectric "inclusions" (described by the dielectric constants  m and  d , respectively) results in the effective medium with a dielectric constant  eff , which may be obtained as
For a given value of the metal volume fraction n, the ENZ conditions ( 0  where  m '= Re m and  m "= Im m . Assuming that ~ n (which is justified by the fact that there are no free charges in the dielectric phase of the metamaterial) and using Eq.
(4), we may obtain the resulting expression for  eff as a function of  m and n:
where  m is also determined by Eq.(4) in the limit   m , and we have assumed the same magnitudes of  m " for the metamaterial zero described by Eq. (8) and for the 0  m  conditions. This assumption will be re-evaluated later in the paper (see Eq. (16)) and confronted with experimental data for aluminium-based ENZ metamaterial, which indicate that  m " changes by ~11%. Fig. 1a shows the predicted behaviour of  eff / m as a function of n. Based on this prediction, we may expect enhancement of superconducting properties of the metal-dielectric metamaterial in the n cr < n < 0. is known to form on the aluminium nanoparticle surface [12] , which is comparable to the 9 nm radius of the original Al nanoparticle. Further aluminum oxidation may also be achieved by heating the nanoparticles in air. The resulting core-shell Al 2 O 3 -Al nanoparticles were compressed into macroscopic, ~ 1 cm diameter, ~ 0.5 mm thick test pellets using a hydraulic press. While the T c of various Al-Al 2 O 3 core-shell metamaterials was determined directly via the onset of diamagnetism for samples with different degrees of oxidation using a MPMS SQUID magnetometer (see Fig. 2a ), the volume fraction of aluminium n in the metamaterial was determined based on the measured FTIR reflectivity spectra of the metamaterial (Fig. 2b) . Surface roughness of the metamaterial samples complicates quantitative analysis of such spectra due to wavelength-dependent scattering. This difficulty has been overcome by careful analysis of the measured FTIR reflectivity spectra in the vicinity of phonon-polariton resonance in Al 2 O 3 [13] . Due to this resonance, pure Al 2 O 3 behaves as an almost perfect absorber at 10.3 m wavelength, while it behaves as an almost perfect metal (and therefore reflects almost 100% light) at 12 m. Since these wavelengths are very close to each other, the effect of wavelength-dependent scattering should be almost the same, while reflectivity of aluminium at 12 m is also almost perfect. Therefore, this phononpolariton resonance feature may be used to accurately determine volume fraction of 
let us assume that near = 1 (q) Eq. (2) may be approximated as
where E m is a positive constant. Based on Eq. (8), the corresponding frequency of the
which is slightly higher than  1 , and therefore a slightly larger value of
may be expected at the metamaterial pole at this higher frequency. As a result, by taking into account simultaneous contributions from both poles (by adding the contributions to  eff from the "metal" and the "metamaterial" poles given by Eqs. (10) and (12), respectively), the final expression for  eff is
where =  m "/ mm "< 1 is determined by the dispersion of  m ". Substitution of Eq. (17) into Eq. (13) 
which now has a single fitting parameter . We will consider it as a free parameter of the model, since we are not aware of any experimental measurements of dispersion of Im m for aluminum. Note that Eq. (18) depends on  d only via n cr and . The calculated behavior of T c as a function of n is presented in Fig.3a . The agreement appears to be very good. The best fit to experimental metamaterial data is obtained at = 0.89. We anticipate that the same theory may explain the increase of T c in granular aluminum films [14, 15] . However, we are not aware of accurate measurements of Al/Al 2 O 3 volume fraction in these samples. We must emphasize that our model is quite insensitive to the particular choice of functional form of  m (q,) in the broad (q,)
range. In our derivations we are only using the fact that  m changes sign near  1 (q) by passing through zero, which is described by Eq. Fig. 3b , which also shows experimental data points measured in [3] . The agreement also appears to be very good, given the spatial inhomogeneity of the fabricated metamaterials [3] (note also the difference in temperature scales in Figs. 3a and 3b). The best fit to experimental metamaterial data is obtained at = 0.83. It appears that a smaller increase in metamaterial T c in this case is due to larger value of permittivity  d of the dielectric component of the metamaterial, which according to Eq.
(8) limits the range n cr < n < 0.6 where the metamaterial T c enhancement may occur.
Larger value of  d also leads to smaller value of  (see Eq. (16)), which also reduces the metamaterial pole contribution to  eff.
We should also note that the appearance of an additional "metamaterial" pole in the Maxwell-Garnett expression (Eq. (5)) for a metal-dielectric mixture does not rely on any particular spatial scale, as long as it is smaller than the coherence length. In fact, the Maxwell-Garnett approximation may be considered as a particular case of the ClausiusMossotti relation [11] , which traces the dielectric constant of a mixture to the dielectric constants of its constituents, and it is only sensitive to the volume fractions of the constituents. Therefore, the same concept is supposed to be applicable at much smaller spatial scales compared to the two metamaterial cases studied in Refs. 3 and 4. We anticipate that similar T c enhancements may be observed in metamaterials based on other higher temperature superconductors, which have smaller coherence length, such as niobium and MgB 2 .
First, let us consider the case of niobium, which has Tc bulk = 9.2 K and  D =275K
in the bulk form [8] . Enhancing the superconducting properties of niobium is a very important task, since niobium alloys, such as Nb 3 Sn and NbTi are widely used in superconducting cables and magnets. Based on Eq. (3) niobium has  m = 0.29, which also corresponds to the weak coupling limit. The coherence length of niobium is = 38 nm [8] , which would complicate nanofabrication requirements for a niobium-based metamaterial. However, given the current state of nanolithography, which operates on a 14 nm node [17] , these requirements still look quite realistic. Alternatively, smaller than 38 nm diameter nanoparticles would need to be used in nanoparticle-based ENZ metamaterial geometries.
The calculated behavior of T c of a niobium-based ENZ metamaterial as a function of n is presented in Fig. 4a for different values of the  ratio in Eq. (18) . The vertical dashed line in the plot corresponds to the same value of n cr as in the Al-Al 2 O 3 core-shell metamaterial superconductor. It is interesting to note that the general range of predicted T c enhancement matches well with the observed enhancement of T c in various niobium alloys [8] . The corresponding experimental data point for Nb 3 Sn is shown in the same plot for comparison (it is assumed that n = 0.75 for Nb 3 Sn). As we have mentioned above, our model is based on the Maxwell-Garnett approximation, which traces the dielectric constant of a mixture to the dielectric constants of its constituents.
The spatial scale of mixing is not important within the scope of this model. Therefore, our model may be applicable to some alloys. We should note that the additional "metamaterial" pole described by Eq. (8) may also be present in the case of a mixture of a normal metal with the superconductor. However, unlike the previously considered case of a dielectric mixed with a superconductor, the additional "metamaterial" pole is observed at <  1 where the dielectric constant of the superconductor  s is positive (see Eq. (15)), while the dielectric constant of the normal metal  m is negative (it is assumed that the critical temperature of the normal metal is lower than the critical temperature of the superconductor). Indeed, under these conditions an additional pole in the inverse effective dielectric response function of the metamaterial does appear in (Eq. 
This pole will result in the enhanced T c of the metamaterial (or alloy), which may be calculated using the same Eq. (18). However, since this additional pole occurs at < 1 , it is expected that Im s will be smaller at this frequency, resulting in factor  being slightly larger than 1. This conclusion agrees well with the position of Nb 3 Sn data point on Fig.4a .
Next, let us consider the case of MgB 2 , which has Tc bulk = 39 K and  D = 920 K in the bulk form [18] . The coherence length of MgB 2 remains relatively large: the  and bands of electrons have been found to have two different coherence lengths, 51 nm and 13 nm [19] . Unfortunately, superconductors having progressively higher T c are not well described by Eq. (3), which is valid in the weak coupling limit only. So it is interesting to evaluate what kind of metamaterial enhancement may be expected in such system as H 2 S, which superconducts at 203 K at very high pressure [20] . While simple theoretical description developed in our work may not be directly applicable to this case as far as T c calculations are concerned (because of the very large values of  D ~1200 K and ~ 2 in this material [21] ) adding a suitable dielectric or normal metal to H 2 S will still result in an additional "metamaterial" pole in its inverse dielectric response function. Eqs. (5) (6) (7) (8) (9) will remain perfectly applicable in this case. Therefore, adding such a pole will enhance superconducting properties of H 2 S. Based on Eq. (7) we may predict that the enhancement of superconducting properties will be observed at n ~ 0.6, as it also happened in the cases of aluminum and tin-based metamaterials considered in this paper. As far as the choice of a dielectric is concerned, based on Eqs. (5-9) it appears that readily available nanoparticles of diamond (off the shelf 5 nm diameter diamond nanoparticles were used in [3] ) could be quite suitable, since diamond has rather low dielectric constant  dia ~ 5.6, which stays almost constant from the visible to RF frequency range. Low permittivity of the dielectric component ensures smaller value of n cr defined by Eq. (8), and hence larger metamaterial enhancement. It is not inconceivable that 5 nm diameter diamond nanoparticles could be added to H 2 S in the experimental chamber used in [20] .
Unfortunately, in the strong coupling limit the expected T c enhancement may not be as drastic as in the weak coupling limit described by Eq. (3). In the >> 1 limit of the Eliashberg theory the critical temperature of the superconductor may be obtained as
Therefore, enhancement of  by the largest possible factor of 1.5 calculated based on the Maxwell-Garnett theory for the effective dielectric response function of the metamaterial (see Fig.1a ) will lead to T c enhancement by factor of (1. Fig. 4 
